First Round November 1996

The positive integers are 1,2,3,4,5,6,7, 8,9, 10, 11, 12, 13, 14, 15, ...
An arithmetic progression is a sequence of numbers such that the difference between any

two terms is constant.

The Pythagorean Theorem states that ¢ = a? + b where a, b, ¢ are the lengths of the
appropriate sides of a right triangle. ,

1+2+3+...+a=n(n+1)2

.~ Determine the area of the shaded part formed '

8
by connecting potnts A and B; the
rectangles are 1 by 2, 2 by 3, and 3 by 4.

Express (1 - %)(1 - %)(1 - -;.)(1 - 1_21)(1 - _133_) . (1 - =2y as a single fraction %

115

The 2 by 4 rectangular grid requires 22 tooth-
picks to build. Determine the total number of

toothpicks required to build a similar grid for

each of the following sizes:
(A) 4by7
(B) 8by 18

. - When the rectangle is cut into pieces and |

rearranged, a square can be formed. What .

is the perimeter of the square?

OVER




5. The sum of three consecutive integers in an arithmetic progression is 24. The sum of their

6. The integer 5 can be written as a sum of three positive integers, where order matters, in the

following sixways: 1 +1+3, 1+3+1, 3+1+1, 1+2+2, 2+1+2, 2+2+1.
(A) Determine how many ways there are of expressing 10 as a sum of three positive integers
where order counts.

(B) How many different such sequences of three positive integers have a sum of 50?

7. The three circles are mutually tangent exter-
nally as shown at points A, B, and C. If the
radii of the circles are 1, 2, and 3, compute

the length of chord AB.

8. Express ] +-‘;-(1 +2) +§1( 1+2+3) +%(1 +2+3 +4) +...+:216—(1 +2+3+...+20) as an integer.
9. Letrbearootofx’-1= Owithr = 1. Compute the value of r'* + ¢ + r'7 + . + 1% + %,

10. A pack of 7 cards numbered 1, 2, 3, 4, 5, 6, 7 is shuffled and then shuffled a second time in

exactly the same manner, and then a third time in exactly the same manner, and so on. One

1-2 45
such shuffle is represented by: 2~3 5-a 6-6 7-7.

3-1 7 | .
A) How many shuffles of this type would it take to return these cards to their original order

(1,2,3,4,5,6,7)? | 34

-7 4=
__'1' ;_g 7-7 . How many shuffles of this type

6-3

B) Another type of shuffle is given by ;

would it take to return these cards to their original order?

C) What is the maximum number of sﬁuﬁles, regardless of the type, required to have the 7

cards return to their original positions?




LUTIONS FIRST R N ER 1996

I —E’-—;Shadedarea=rectangle—triangle=1x2+2x3+3x4-%x9x3= 20 - -‘? = 1—3_
2.-3/113; ixixlx—g)—x...x_-}-ﬁ:—z—
57 9 11 11 113
3. (A)S5x7+8x4=67 B)8x19+18x9=314
4. 48, Area of rectangle is 16 x 9 = 144. The 12 x 12 square has perimeter 48.
5. -7,8,23;(a-d) +a+(a+d) =24 Thena=8. (8-d)* + 8 + (8+d)? = 642,
64 - 16d + d*+ 64 + 64 + 16d + d* = 642; 450=2d* d=150rd=-15. -
6. (A)36,1+2+3+4+5+6+7+8=36 (B)1176;1+2+3+ ... +48=1176

7. y/2; joining the centers of the circles forms a3 - 4 - 5 right triangle. AB is then the hypotenuse of an
isosceles right triangle.

1 5x4 T 20x27
+— o t—
4 2 20 2

4x3 | 1f 22-21
=2+3+d+  +21)=-—— Z—~1]=115
7 ) 2[ 2 )

2

1 3x2
2 2

'3 115, 2+ oL
| 2 3

36 _ { '
9. 1, P+ +  +7 = [l +r+ P+ A7) =0 [r ll}z[r :)=1(r15=1 and r** = r since 7* = 1).
r- r-1) .

10. (A) 6, /lem(3,2,1,1)=6 B4 lecm(2,4,1)=4
(C) 12; the partition of 7 that yields a maximum /emis 7=3 +4,and 3 x4 =12




FINAL ROUND - FEBRUARY 1997

The positive integersare : 1,2, 3,4, 5,6, 7, 8,9, 10, 11, 12, 13, ...
The area of a triangle is (base)(height)/2
 The Pythagorean Theorem states that c*=a”+ b? where a, b, ¢ are appropriate side lengths

of a right triangle.
1 +2+-3+4+...+n=-’3-"-2+—1-)

Five congruent rectangles are placed to form

a larger rectangle with perimeter 44 inches.

What is the area of the large rectangle?

An equilateral triangle and a regular hexagon (all six sides equal) have equal perimeter. The

area of the triangle is 40 in>. Determine the area of the hexagon.

.. .A 2 by 4 rectangular grid requires 22 toothpicks

to build. Determine the total number of tooth-

picks required to build 2 similar rectangular grid

that has dimensions m by n.

a positive integer?

(a) For which positive integers n is

n* -3n3 - n? +3n + 7
n-3

(b) What is the largest integer # for which is an integer?

(2) The smallest positive integer with exactly eight positive divisors is 24 (include 1 and 24).
The eight divisors are 1, 2, 3, 4, 6, 8, 12, 24. Find the next largest integer with exactly eight

positive divisors. |

(b) The positive integer N has exactly twelve distinct positive divisors, but only three distinct

prime divisors. If the sum of these three prime factors is 18, compute the smallest value of N.




_ Tn how many way:

assuming the fiiends are indistinguishable (assume they were identical triplets)? For

example, if there are just five stools, the following diagram shows that there is just one way

ofsitting: @ © @ O e

" (b) Generalize to n stools,

10.

11.

- what is the radius of circle P?

A trapezoid is divided into four triangles by its |
diagonals. Two of the areas are given. What is .

A
P
ABCD is a square. AD and BC are diameters , S
of two tangent semicircles. Circle P is tangent . r
to each semicircle and to AB. IfDC = 18,
o c

the total area of the trapezoid?

Let x = 3"+ 3" where a and b are chosen independently at random from the integers 1
through 100 inclusive (each integer has equal likelihood of being chosen). Compute the
probability that x is a multiple of 5.

(a) Factor x*+x*+1 as a product of a fourth degree polynomial and two second degree |

polynomials.
(b) Factor x2+x*+x*+1 completely so that the factors have integer coeflicients.

(c) Generalize.

The integer 6 can be written as a sum of three positive integers where order matters, in the
following tenways: 1+1+4, 1+4+1, 4+1+1, 1+2+3, 1+3+2, 2+1+3,
2+3+1, 3+1+2, 3+2+1, 2+2+2

(a) Determine how many ways there are of expressing 20 as a sum of three positive integers,

where order matters.

(b) Generalize and determine a formula for expressing 7 as such a sum of three positive

integers.
(c) Determine a formula for expressing 7 as such a sum of four positive integers, again where

order matters.




120 in*; The perimeter is 5x + 4y =44. Also 3x=2y. Thenx =4, y =6, and the area is

c——

12-10=120.

60in®; From the pictures, each small
triangle has area 10. éﬁ

2Zmn+m+n=n(m+1)+m(n+1)

n:"(n-})-'n(n-3)~1—7has 7
n-3 - n-3

{2) 2,3,5,9 () n=10; group then divide.

as a remainder. Now try various n.

(@) 30; 2*-3°-5°-7'- has eight divisors and is smallest whena=3,b=1,¢=0,d=0, ..
The next smallest occurs whena=1,b=1,c=1,d=0, ....
(b) 156 ; Examination of the primes 2, 3, 5, 7, 11, 13, ... shows two possibilities: 2, 3, 13

and 2, 5, 11; 2%-3-13 is smaller than 22 -5-11.

(a) 56; Draw diagram and enumerate the cases: (6 +5 +4+3 +2 +1) + (5 +4 +3 +2 +]) +

(4+3+2+I)+(3+2+1)+(2+I)+I=56=(:).

®) ( " ; 2] . Two stools are forbidden; choose 3 of the remaining 7 - 2 stools.

=

.9/4 ; 9+1r)=92+(9-n q
, ./\




